All abstract reflection groups act geometrically on non-positively curved geodesic spaces. Their natural space at infinity, consisting of (bifurcating) infinite geodesic rays emanating from a fixed base point, is called a boundary of the group.
Introduction
Unlike boundaries of negatively curved groups, the boundary of a non-positively curved group cannot be defined independent of the underlying CAT (0) space on which it acts geometrically [11] . In this article we shall discuss right angled Coxeter groups. Such a group is non-positively curved since it acts geometrically on its CAT (0) DavisVinberg complex. It is the visual boundary of this complex that is often referred to as the boundary of the Coxeter group.
An important feature of every Coxeter group is its nerve: the abstract simplicial complex with one simplex for every set of generators that spans a finite subgroup.
In Section 3 we will show that the boundary of a right angled Coxeter group is homogeneous, provided its nerve is a connected closed orientable PL manifold. Our proof will be based on an inverse limit construction of W. Jakobsche's, Theorem 3.1 [21] . Although closely related, the inverse sequence defining the boundary of our group will not be exactly of the required form. The right balance between adjusting this deficiency and not altering the limit of the sequence simultaneously will be found in M. Brown's result, Theorem 3.3 [9] . Some of the more technical details are exported into the appendix, Section 7.
In Section 4 we specialize to right angled reflection groups of open contractible Davis manifolds of dimensions 5 and higher [12] . For this, the nerve will be assumed to be a PL manifold with the integral homology groups of a sphere.
Davis manifolds, by construction, cannot be the interior of any compact manifold with boundary. This peculiarity will be contrasted by Theorem 4.1, which shows that the considered manifolds can be equivariantly compactified to objects, which enjoy many of the fundamental properties of manifolds and their boundaries. To prove this, we combine the results of Section 3 with a construction of M. Bestvina's [6] , in order to mount Jakobsche's homogeneous cohomology manifolds (disguised as the reflection groups' boundaries) equivariantly onto the Davis manifolds. One property of the thusly compactified manifolds is that their doubles along the group boundary are homeomorphic to actual spheres. This latter fact is a theorem of F. Ancel and C. Guilbault's [4] , which applies to doubles of Z-compactifications of open contractible manifolds of dimension at least 5.
In Section 6, we further investigate the action of the reflection group when extended to the sphere. There is a canonical augmentation of the right angled Coxeter system by a reflection whose fixed point set is the group boundary. We will show that the fixed point set of each extended original reflection is a tame codimension-one sphere.
The analysis of Section 6 requires a special version of the doubling theorem of [4] in dimension 4, namely Theorem 5.1. We will give a prove of this theorem in all dimensions 4 and higher. It will yield the result that we need in dimension 4, and an alternative proof of the theorem in [4] for the special case when non-positive curvature is present.
The results in this article mainly represent the authors dissertation [18] . The author wishes to express his sincere gratitude to his supervisor Fredric D. Ancel for his guidance.
Definitions and notation
Let V be a finite set and m : V × V −→ {∞} ∪ {1, 2, 3, 4, · · ·} a function with the property that m(u, v) = 1 if and only if u = v, and m(u, v) = m(v, u) for all u, v ∈ V . Then the group Γ = V | (uv) m(u,v) = 1 for all u, v ∈ V defined in terms of generators and relations is called a Coxeter group. The pair (Γ, V ) is called a Coxeter system. If moreover m(u, v) ∈ {∞, 1, 2} for all u, v ∈ V then (Γ, V ) is called right angled. The abstract simplicial complex N = N (Γ, V ) = {∅ = S ⊆ V | S is finite} is the nerve of (Γ, V ) (where S is the subgroup of Γ generated by S). A geometric realization of N will be denoted by |N |.
An abstract simplicial complex N is called a flag complex if for every non-empty set S, ({u, v} ∈ N ∀ u, v ∈ S) =⇒ S ∈ N, so that it is determined by its 1-skeleton. For example, the first barycentric subdivision of any finite simplicial complex is a flag complex. If N is a finite flag complex with vertex set V, it follows that Γ = V | v 2 = (uv) 2 = 1 for all v ∈ V and {u, v} ∈ N is a right angled Coxeter system whose nerve is N (Lemma 11.3 of [12] ).
In turn, the nerve of every right angled Coxeter system is a flag complex, so that the above describes a one-to-one correspondence between finite flag complexes N and right angled Coxeter systems (Γ, V ). For the remainder of this section, let us fix a right angled Coxeter system (Γ, V ).
The Davis-Vinberg complex A = A(Γ, V ) is formed as in [12] : its fundamental chamber is the cone Q = x 0 * |N | with panels {Q v = |star(v, N )| | v ∈ V } in its base (N denotes the first barycentric subdivision of N ). We give Γ the discrete topology and put A = Γ × Q/ ∼ where (g, x) ∼ (h, y) ⇔ x = y and g −1 h ∈ v | x ∈ Q v . Note that A is contractible (Corollary 10.3 of [12] ).
Alternatively, A(Γ, V ) can be viewed as a geometric realization of a first simplicial subdivision of the cell-complex Σ(Γ, V ) = {g S | g ∈ Γ, S ⊆ V, S finite}, in which incidence is by inclusion.
Finally, we cubify the complex A: Let σ ∈ N . We identify |x 0 σ | with the cube [0, 1] σ ⊆ [0, 1] V as follows. The cone point x 0 corresponds to 0 and the barycenter of a face V , and subsequently the complex A, are then given the induced path length metric.
Since N is a flag complex, this turns A into a CAT (0) geodesic space (cf. [19] pp. 120-122, [13] §3, and [2] ). Now, Γ acts geometrically on A, that is, properly discontinuously by isometry with compact quotient Q.
The visual boundary of a CAT (0) geodesic space X, denoted bdy X, is defined to be the inverse limit of concentric metric spheres and geodesic retraction, i.e. the space of geodesic rays emanating from a fixed base point with the compact open topology, which in turn is independent of the choice of base point [15] .
For x 0 , x 1 ∈ X we denote the unique geodesic segment from x 0 to x 1 by [x 0 , x 1 ]. If X denotes the inverse limit of closed concentric metric balls and geodesic retraction, then X embeds in X by means of geodesic segments, and we may identify X ≡ X ∪ bdy X.
A sequence {T k | k ≥ 0} of compact subsets of a CAT (0) geodesic space X is exhausting from
) towards x 0 is well-defined and automatically continuous. Also notice that each T k must be contractible. Since some subsequence of {T k | k ≥ 0} is cofinal in the collection of metric balls around x 0 , we get that
For every geodesic ray p 0 emanating from x 0 there is a unique parallel geodesic ray p 1 emanating from x 1 , namely the limit of the segments [x 1 , p(t)] as t → ∞. Hence, the action of any subgroup G ≤ Isom(X) extends continuously to X.
In this article we define the boundary of Γ to be bdyA, and denote it by bdyΓ. Note that this definition is independent of the particular choice of V in the presentation of Γ, because any two nerves are isomorphic [26] .
However, for our purposes the following description is more practical. Let the length of an element g ∈ Γ be the minimal number of generators from V needed to express g. Then
Note that Corollary 7.3 (c) below ensures that this is an exhausting sequence.
Homogeneity of the boundary
A topological space X is called p-homogeneous if given any two collections {x 1 , x 2 , · · · , x p } and {y 1 , y 2 , · · · , y p } of p distinct points in X there is a homeomorphism h : X −→ X such that h(x i ) = y i for all i.
We shall show that the boundary of a right angled Coxeter group is p-homogeneous for every positive integer p, provided its nerve is a connected closed orientable PL manifold. The proof will be based on the following inverse limit construction:
← · · · is p-homogeneous for every positive integer p and
For a discussion of cohomology manifolds see, for example, [7] .
is not locally simply connected and, hence, not an ANR. On the other hand, if L 0 is a sphere, then so is X(L 0 , {L 0 }).
We will also need Theorem 3.3. ( [9] Theorem 2) For every two finite sequences
of maps between compact metric spaces there is a positive real number a(s 1 , s 2 , · · · , s k , t 1 , t 2 , · · · , t k , t k+1 ) such that whenever two inverse sequences Y 0
← · · · . † By an empty composition of maps we mean the identity map. ‡ Note that we did not state Jakobsche's results in its full generality.
We now state and prove the main results of this chapter. Verification of some technical details will be the contents of Section 7.
Theorem 3.4. Let Γ be a right angled Coxeter group whose nerve N is a connected closed orientable PL n-manifold. Then bdy Γ is p-homogeneous for every positive integer p (p ≤ 3 if n = 1). Moreover:
(a) If N is not simply connected, then bdy Γ is not locally simply connected.
(b) If N is a homology sphere, then bdy Γ is a cohomology n-manifold and cohomology n-sphere, (c) If N is a sphere, then so is bdy Γ.
It follows from elementary considerations that the boundary is a circle if n = 1.
Theorem 3.5. If the nerves of two right angled Coxeter groups are connected closed orientable PL manifolds which are topologically homeomorphic, then the respective group boundaries are homeomorphic.
To prove these assertions we only need to establish Theorem 3.6. If the nerve N of a right angled Coxeter group Γ is a connected closed orientable PL manifold, then bdy Γ is homeomorphic to Jakobsche's X(|N |, {|N |}) space.
Remark 3.7. The fact that bdy Γ ≈ X(|N |, {|N |}) is a cohomology sphere when N is a homology sphere, follows from Theorem 4.1(e) and an application of the MayerVietoris sequence.
Proof.
(of Theorem 3.6) Assume that N = N (Γ, V ) is a connected closed orientable PL n-manifold. Consider M k = bdy {gQ | length(g) ≤ k} and define
consists of the boundaries of an exhausting sequence and
For g ∈ Γ we put A(g) = {gQ v | length(gv) < length(g)}. Then each A(g) is a PL-disk and
which is independent of the order in which we list the elements {g ∈ Γ | length(g) = k + 1} = {g 1 , g 2 , · · · , g s } [12] .) We will solve this problem by adjusting the inverse system just enough to meet all requirements of Theorem 3.1, but not so much as to actually change its limit.
To this end, we metrize |N | as a piecewise spherical all right complex (i.e. each simplex is given the angle metric of its corresponding standard simplex: the convex hull of standard basis vectors in Euclidean space). The resulting path length metric on |N | will be denoted by α. In formulas:
For each g ∈ Γ \ {id} and 0 < η < < π we define:
Then each B(g, ), C(g, ), and D(g, , η) is topologically an n-disk by Proposition 7.7. See Figure 2 . Recall that the shadow of the cone point gx 0 is described by
Note that with sufficiently close to π,
Remark 7.6). Here is our strategy: Factor the bonding maps through manifolds of the form
with appropriately chosen k 's: † We will modify this definition in Remark 7.8 in a way which does not effect what follows.
All maps in this diagram are geodesic retractions. Then, by Proposition 7.9 below,
So that in the inverse sequence
whose limit is bdy Γ, we can inductively change every other map to a nearby homeomorphism f k and leave the remaining maps geodesic retractions g k . If this is done carefully enough, Theorem 3.3 will guarantee that the limit does not change:
On the other hand, there is enough flexibility in choosing k and η k to arrange for condition (e) of Theorem 3.1 to hold for the sequence
Note that, because of ( * ) we can pinpoint the location of these disks. Finally, as all the above sequences have homeomorphic limits, the result will follow.
for all g ∈ Γ with length(g) = 1 and all η ∈ I 0 0 (this is where we use ( * ) ). Put M 0 = M 0 ( 0 ) and define g 1 : 
for all g ∈ Γ with length(g) = m + 2 and all η ∈ I m+1 m+1 , and such that
and (ii) holds with R m+1 replaced by f m+1 , where M m+1 = M m+1 ( m+1 ) and
This completes the induction. Finally, for each m ≥ 0, we pick an
The goal is accomplished and the proof complete. / /
Equivariant Z-compactifications of Davis manifolds by homogeneous group boundaries
Some Coxeter groups are generated by affine orthogonal reflections in the sides of a compact convex polyhedron P in some Euclidean space which produce an exact tessellation under the group action. The list of these crystallographic Coxeter groups is well-known. The occurring orders m(u, v) must necessarily be in {∞, 1, 2, 3, 4, 6}. (See [20] for sufficient conditions.) Observe that, in this case, |N (Γ, V )| = ∂P is a sphere.
In [12] , this situation is generalized to the case when N (Γ, V ) is a generalized homology sphere. Since we will only be concerned with right angled Coxeter systems whose nerves are PL manifolds, we review the construction of Davis' reflection manifolds from [12] for this case:
Let N be a flag complex which is a PL n-manifold with the integral homology of an n-sphere. We then call N a homology sphere. For n = 2, N is the boundary of a unique compact contractible (n + 1)-manifold P (see [23] for n ≥ 4, [17] for n = 3, and [3] for an alternative proof if n ≥ 5). Let (Γ, V ) be the right angled Coxeter system with nerve N . Divide ∂P = |N | into panels
As in the definition of the Davis-Vinberg complex A(Γ, V ), we call P a chamber, and define M(Γ, V ) analogously (with Q replaced by P ).
Observe that Γ acts on M(Γ) = M(Γ, V ) by left multiplication on the first coordinate. It is shown in [12] , that M(Γ) is an open contractible manifold on which Γ acts properly discontinuously. In fact, if n ≥ 4, then M(Γ) is the unique open contractible manifold on which Γ acts properly discontinuously with compact quotient (combining Proposition 4.3 and [4] , Theorem 18).
The fixed-point set of every reflection v ∈ V is a codimension-one flat submanifold which separates M = M(Γ) into two components that are interchanged by v [12] . In fact, since we restrict ourselves to right angled Coxeter systems with manifold nerves, these fixed point sets are homeomorphic to Euclidean space (cf. Lemma 6.2) . By Selberg's Lemma, Γ has a torsion-free (normal) subgroup Γ of finite index. Since Γ acts properly discontinuously on M, Γ will act fixed-point free. Therefore, M covers the closed manifold M/Γ . But, as was shown in [12] , if N (Γ, V ) is not simply connected (and there are such examples in all dimensions 3 and higher), then M is not homeomorphic to Euclidean space -disproving a conjecture of Johnson's [22] . In fact, M will not be the interior of any compact manifold with boundary, because its π 1 -system is not stable at infinity [28] . (On the other hand, if N (Γ, V ) is a sphere (and P a ball if n = 2), then M is homeomorphic to Euclidean space.)
However, there are compactifications of Davis' reflection manifolds which enjoy most of the properties of manifolds and their boundaries. In order to describe such compactifications we review the following terminology (discussed, for example, in [32] and [16] ). A closed subset Z of a compact (separable metric) AN R X is a Z-set in X (and X a Z-compactification of X = X \ Z) if any one of the following equivalent conditions holds:
(1) There is a homotopy H : X ×[0, 1] −→ X such that H 0 = id and instantaneously pushes X off Z: H t (X) ∩ Z = ∅ for all t > 0.
(2) For all > 0 there is a map f : X −→ X with d(f, id) < and f (X) ∩ Z = ∅.
The standard examples of Z-sets are boundaries of compact manifolds. We now propose a compactification of M(Γ), which enjoys many of the fundamental properties of manifolds and their boundaries. The proof of Theorem 4.1 is based on Theorem 3.6. This result opens up a new, indirect way of equivariantly compactifying reflection manifolds by homogeneous cohomology manifolds using the notion of Z-structures: A Z-compactification X = X ∪ Z of X is a Z-structure [6] on a group G if (1) G acts properly discontinuously, fixed-point free and cocompactly on the finite dimensional AR X, and (2) for all compact subsets K of X and all open covers U of X there is a finite subset F of G, such that for all g ∈ G \ F there is a U ∈ U with g(K) ⊆ U .
If a group G acts geometrically and fixed point free on a CAT (0) space X, then X = X ∪ bdy X is a Z-structure on G. This enables us to use Let G be a group acting properly discontinuously, cocompactly and fixed-point free on two finite dimensional AR's X 1 and X 2 . Assume that X 2 = X 2 ∪ Z is a Z-structure on G, X 1 = X 1 ∪ {∞} the one-point compactification of X 1 , f : X 1 −→ X 2 a G-equivariant homotopy equivalence. Define an embedding e : 
Doubling CAT(0) manifolds along their visual boundaries
The following theorem is a special case of Theorem 4.4 in dimensions n ≥ 5. Since we will need this result in the next section in dimension n = 4, we devote this section to proving it. The proof of Theorem 5.1 given here, also provides an alternative to the proof of Theorem 4.4 in [4] for this particular case. Remark 5.2. It was shown in [2] , that given any compact contractible (n + 1)-manifold P with PL boundary ∂P (necessarily a homology sphere) and n ≥ 4, there is always a flag triangulation N of ∂P such that M(Γ) supports a CAT (0) metric with respect to which Γ (the right angled Coxeter group with nerve N ) acts by isometry. Notice that for these CAT (0) reflection manifolds the subspaces T k = {gP | length(g) ≤ k} define an exhausting sequence of compact manifolds, so that Theorem 5.1 applies.
Our strategy for proving Theorem 5.1 will be based on the cell-like approximation theorem. A compact metric space is cell-like if it contracts within any ANR that it is embedded in. A subset A of an n-manifold M is cellular if for every neighborhood V of A in M there is a subset B of M such that A ⊆ int B ⊆ B ⊆ V and B is homeomorphic to [0, 1] n . Cellular subsets of manifolds are cell-like, but the converse is false.
A map f :
is a cellular subset of M for all y ∈ Y . A map f : X −→ Y between topological spaces is a near-homeomorphism if for every open cover U of Y there is a homeomorphism h : X −→ Y such that for every x ∈ X there is a U ∈ U with {f (x), h(x)} ⊆ U . Here is our main tool:
-manifolds without boundary is a near-homeomorphism.
This theorem is due to [24] , [27] and [33] in dimension 2, [5] in dimension 3, [25] in dimension 4, and [29] in dimension 5 and above.
Proof. (of Theorem 5.1) Choose an exhausting sequence {T k | k ∈ IN } of compact n-manifolds for M from x 0 ∈ int T 1 . We may assume that
be the retraction map. For each k ∈ IN let T k be a homeomorphic copy of T k and r k be defined accordingly. Let
Since each T k is a compact contractible manifold, each ∂T k is a homology sphere by Lefschetz duality. Then each D k is a homology sphere by Mayer-Vietoris. It is a homotopy sphere by Van Kampen's Theorem and the Hurewicz Isomorphism Theorem, and is consequently homeomorphic to a sphere by the Poincaré Conjecture in dimension 4 and higher. Observe that the limit of D 1 ←− · · · is homeomorphic to the limit of an inverse sequence in which each d k is replaced by a homeomorphism, and the latter limit is homeomorphic to D 1 ≈ S n . To this end we fix a k ≥ 2 and x ∈ D k−1 . In showing that d
−1
k (x) is cell-like we may assume that x ∈ ∂T k−1 . We break the argument into six lemmas, from which the theorem will follow. / / Lemma 5.4. The reduced integralČech cohomologyȞ
Proof. Similar to [30] , we get:
for all i. So, by Mayer-Vietoris,Ȟ
Lemma 5.5. Let C and D be two chain complexes of free modules of finite rank over a PID R,
(All groups are understood to have R coefficients.)
Proof. All homomorphisms are R-module homomorphisms. Consider the following short exact rows and induced homomorphisms:
Then, in fact, all vertical homomorphisms are trivial. Hence, (i) the composition
for all homomorphisms φ : B k−1 (D) −→ R (where B denotes the boundaries and Z the cycles). In order to prove (a), express a basis for B k−1 (D) . This is possible since we have finitely generated modules over a PID. Let 
Define homomorphisms
Then the composition B k−1 (C) 
Proof.
Choose an open (n − 1)-disk B around x in ∂T k−1 and collars c : c (B × [0, ) ) ⊆ U. It will suffice to show that
By the proof of Lemma 5.4 
is an open connected subset of ∂T k and hence path connected. Since r Lemma 5.8. Let X be a closed subset of an ANR Y . Suppose that for all neighbor-
Since this lemma is not found in standard text books, we include a proof.
We proceed by induction on n. The case n = 1 is obvious. Assume the theorem holds with n replaced by n − 1. Let U be a neighborhood of X in Y . Then there are neighborhoods
We will prove that π n (V ) −→ π n (U ) is trivial. Let f : S n −→ V be any map. Since U 0 is an ANR, there are maps
where the vertical arrows are Hurewicz homomorphisms.
k (x) has arbitrarily small polyhedral neighborhoods, the above lemmas show that for all neighborhoods U of d
Extension to tame reflection systems on spheres
In this last section we will explore the group action on the (n + 1)-sphere of Theorem 4.1 in more detail. Here is what we shall prove: Theorem 6.1. Let (Γ, V ) be a right angled Coxeter system whose nerve is a nonsimply connected homology sphere of dimension n ≥ 4. Then there exists an involution g : S n+1 −→ S n+1 such that (a) The right angled Coxeter group Γ × {g, 1} acts effectively on S n+1 by homeomorphism.
(b) The fixed point set Fix(v) = {x ∈ S n+1 | v(x) = x} of any v ∈ V is a tame codimension-one sphere.
(c) The fixed point set Fix(g) = {x ∈ S n+1 | g(x) = x} of g is homeomorphic to bdyΓ, a cohomology n-manifold and cohomology n-sphere that is p-homogeneous for every positive integer p but not locally simply connected.
(d) S
n+1 \ Fix(g) has two components, both of which are copies of the reflection manifold M(Γ) and are interchanged by g.
We first analyze the fixed point sets.
Lemma 6.2. Let M(Γ, V ) be a right angled reflection manifold, v ∈ V , (Γ,Ṽ ) the right angled Coxeter system with nerve
is canonically isomorphic to A(Γ,Ṽ ) and hence homeomorphic to a codimension-one Euclidean space.
Proof.
Let P be the chamber of M. Then |N (Γ, V )| = ∂P is by definition a PL manifold. We have Fix( N (Γ, V ) ) (a barycenter of a simplex σ in N (Γ,Ṽ ) corresponds to the barycenter of vσ in N (Γ, V ) ). Under this isomorphism, the panel
where u is the barycenter of {u, v} in N (Γ, V )). We have the correct identifications, since N (Γ, V ) ). Consider the action of Γ on bdy A(Γ, V ) and let Fix(v| bdy ) = {p ∈ bdy A(Γ, V ) | vp = p}. Then Fix(v| bdy ) = bdy A(Γ,Ṽ ), which is homeomorphic to a codimension-two sphere.
Clearly bdy A(Γ,Ṽ ) ⊆ Fix(v| bdy ), since this reflection fixes A(Γ,Ṽ ) pointwise (following the proof of Lemma 6.2) . To obtain the reverse inclusion, let p ∈ bdy A(Γ, V ) with vp = p (i.e. v • p and p are parallel rays). Choose a minimal gallery Q,
Therefore, the limit of the segments [x 0 , w 1 w 2 · · · w kx0 ] is a ray in A(Γ,Ṽ ) parallel to p. This places p in bdy A(Γ,Ṽ ).
Since A(Γ,Ṽ ) is a PL manifold (all links are PL homeomorphic to iterated suspensions of links in N (Γ,Ṽ )), bdy A(Γ,Ṽ ) is a codimension-two sphere ( [14] Theorem 3b.2). / / We will make use of the 1-LCC taming theorem:
n ⊆ S n+1 be the standard embedding and n ≥ 4. If e : S n −→ S n+1 is any embedding of S n onto a 1-LCC subset of S n+1 , then there is a homeomorphism h : S n+1 −→ S n+1 which extends e.
The following two lemmas are joint work with F. Ancel.
Lemma 6.7. Let Z be a cohomology n-manifold. Assume, further, that Z is a finite dimensional locally connected separable metric space. Then any S n−1 ⊆ Z locally separates Z into two components: for every x ∈ S n−1 and every neighborhood U of x in Z there is a neighborhood V of x in Z such that V ⊆ U, V is connected, and V \ S n−1 has precisely two components.
We adapt the proof from [1] , Theorem VI.3:
Proof. For this proof, H c * will denote Borel-Moore homology and H * cČ echcohomology with compact supports over the constant sheaf Z Z 2 as discussed, for example, in [7] . We will denote singular homology with Z Z 2 coefficients by H * .
Choose open disks
is an isomorphism. It will suffice to show that the map α in the following commutative triangle, in which denotes the excision of (U 1 \ A) \ U 0 , is an isomorphism: α Proof. Let C 1 and C 2 be the two closed complementary domains of Σ in S n+1 . We need to show that Σ is 1-LCC in S n+1 at every point of Σ ∩ Z. To this end, let x ∈ Σ ∩ Z and U a neighborhood of x in S n+1 . Choose neighborhoods V 1 , V 2 and V of x in S n+1 and a neighborhood
, and (iv) V 3 is connected and V 3 \ Σ has precisely two components (one in each C i ).
Let α :
is a finite union of simple closed curves in B 2 . Since for every outer most component
with ∂D = C), we may assume thatᾱ :
. By pushing it off Σ slightly (which we can do because Σ ∩ M i is bicollared in M i ), we may, in fact, assume thatᾱ : B 2 → U \ Σ and we are done.
Otherwise, there is a sequence (
and Z is locally connected, we can define β : J → V 3 \ Σ such that β(x) = α(x) for all x ∈ α −1 (Z) and such that β| J k is a sequence of maps whose image diameters converge to zero. (Use a sequence of coverings by open connected sets whose meshes converge to zero.) Then β is continuous.
We now extend each loop α| [a k ,b k ] ∪ β| J k over E k in two steps. First we extend over an annular neighborhood of the boundary of E k : using the fact that Z is a Z-set we push the loop off Z into either (
We then extend over the remaining subdisk of E k to a map E k → V 1 \ Z. As we did for α above, we may assume that these maps extend to E k → U \ Σ. Again, we may arrange that the image diameters of these extensions converge to zero (using appropriately chosen, fine coverings). Because we can do the same for β itself, there is, in fact, a map 
Appendix
The goal of this section is to prove Proposition 7.9. We assume the conditions and notation of the proof of Theorem 3.6. In order to simplify notation we will write |x 0 σ| for the cube |x 0 σ | = [0, 1] σ . For v ∈ σ, let π v : |x 0 σ| −→ |x 0 v| denote orthogonal projection. A directed maximal non-degenerate straight line segment I ⊆ |x 0 σ| is called a segment. We say that σ carries I if I ⊆ |x 0 τ | for all proper faces τ of σ. Let I 0 and I 1 denote initial and terminal point of I respectively. Put ∆(I, v) = π v (I 1 ) − π v (I 0 ). Also, for τ ⊆ σ and x ∈ |x 0 σ| \ {x 0 } we define
Let α σ denote the path length metric on |lk(σ, N )| (when viewed as an all right piecewise spherical complex). Then α ∅ agrees with α defined earlier. Note that N and all its links are flag complexes. Observe that the fundamental chamber Q is a convex subset of A, because the panels Q v cover |N | and are subsets of the fixed point sets of the reflections v ∈ Γ. (Here we use the fact that a CAT (0) space has no non-trivial bi-gons.)
We begin by making two simple geometric observations, Lemma 7.1 and 7.2. These lemmas describe the type of branching that geodesics in A are subject to.
Lemma 7.1.
Let I and J be segments carried by σ and τ respectively such that I 1 = J 0 . Then I ∪ J is geodesic in Q (and hence in A) if and only if (d) α σ∩τ (β(I 0 , σ \ τ ), β(J 1 , τ \ σ)) ≥ π (i.e. I ∪ J is geodesic in Q also).
And, in the same spirit:
Lemma 7.2. Let I and J be segments carried by σ and τ respectively, η ∈ N , g = v∈η v ∈ Γ with I 1 = gJ 0 (so that η ⊆ σ ∩ τ ). Then I ∪ gJ is geodesic in A if and only if The next corollary relates the global direction of a geodesic segment, which is contained in some cubical part of some chamber, to a local sense of direction. As one would expected, the segment is increasing with respect to those coordinates of the cube, which shorten the length of the word labeling the chamber. Proof. We may assume that g = id. Every geodesic in A is covered by a minimal gallery [8] . Choose η 1 , η 2 , · · · , η k ∈ N, integers 1 ≤ n 0 < n 1 < · · · < n k = m and segments P (1) , P (2) , · · · , P (m) = I. such that if we put Remark 7.8. We now give the "correct" definition of C(g, ) from Section 3; a definition of this cone which insures that the retraction maps are well-defined (i.e. every geodesic ray emanating from x 0 will intersect C(g, ) in at most one point). We obtain such a cone by lowering the open annulus By Lemmas 7.1, 7.2, and Proposition 7.7 the point pre-images of each factor map are homeomorphic to complements of open disks in links of N . Since these links are spheres of various dimensions, the point pre-images are cellular subsets of these spheres. Therefore each map is cellular and can be approximated by homeomorphisms using Theorem 5.3. / /
